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During the last decade a Turán-type result of Perles about the length of the longest
non-crossing paths in convex geometric graphs has been receiving some attention in the
community studying geometric graphs. In this note we prove that it implies a theorem
of Merino, Salazar and Urrutia about the length of the longest alternating paths for a
multicoloured point set in convex position. We also give an alternative proof of Perles’s
theorem based on some ideas from the Merino et al. paper.
© 2008 Elsevier B.V. All rights reserved.
Given a set of points P in general position in the plane, a geometric graph G with vertex set P is a graph drawn in the
plane in such a way that each edge is a straight line segment with end points in P . If P is in convex position then G is
called a convex geometric graph. A non-crossing path in a geometric graph is a path which does not contain any intersecting
pair of edges. Let P be a set of points in convex position in the plane and let c be a colouring of P with k  2 colours. An
alternating non-crossing path T of P is a non-crossing path such that every edge of T joins points of P with different colours.
The following theorem is an unpublished result of Micha Perles.
Theorem 1. If a convex geometric graph G of order n has more than (t − 1)n/2 edges for n t + 1, then G contains a non-crossing
path of length t.
A proof of this particular version was published in 1998 [2]. Perles’s theorem ﬁrst appeared, in a more general form and
without a proof in 1993 [4] and a proof of that is available in Brass et al. [1].
In 2006 Merino et al. [3] proved the following theorem:
Theorem 2. Every set P of n coloured points in convex position has a non-crossing alternating path of length n −m, where m is the
maximum cardinality of a monochromatic subset of P .
First we indicate how this result is implied by Theorem 1. Let P1, P2, . . . , Pk be a collection of points such that P =
P1∪˙P2∪˙ · · · ∪˙Pk is in convex position and |P1| |P2| · · · |Pk|. We colour P with k colours in such a way that Pi is the
point set of colour i. Let G be the geometric graph with point set P and E(G) = {uv | u ∈ Pi, v ∈ P j, i = j}. Every vertex of G
has degree at least |P | − |P1|, therefore G has at least (|P | − |P1|)|P |/2 edges, which is more than ((|P | − |P1|)− 1)|P |/2.
By Theorem 1, G has a non-crossing path of length |P | − |P1|. This proves Theorem 2.
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goes as follows. Let G be a convex geometric graph of order n with more than (t − 1)n/2 edges for some t such that
n t + 1. We can assume, without loss of generality, that G has no isolated vertices. Let P be the vertex set of G .
For every point v ∈ P we construct a non-crossing path Z1G(v) as follows: Label the points of P with the set of integers{0,1, . . . ,n− 1} in clockwise order identifying 0 with n, when necessary. Let i0 = 0, i1 = min{i | i is adjacent to i0}. Assume
i0, i1, . . . , ik−1 has been deﬁned. Then we introduce ik according to the parity of k as follows.
Case (i). If k is even.
Let Ak = { j | ik−1 < j < ik−2 and j is adjacent to ik−1}. If Ak = ∅ then deﬁne Z1G(v) = i0, . . . , ik−1. Otherwise ik =
max{ j | j ∈ Ak}.
Case (ii). If k is odd.
Let Ak = { j | ik−2 < j < ik−1 and j is adjacent to ik−1}. If Ak = ∅ then deﬁne Z1G(v) = i0, . . . , ik−1. Otherwise ik =
min{ j | j ∈ Ak}.
We can also deﬁne, for every v ∈ P , Z−1G (v) by labelling the points of P in counter clockwise order and applying the
same process of Z1G(V ).
Let Z be the multiset consisting of Z1G(v) and Z
−1
G (v) for every point v ∈ P . Note that |Z | = 2|P |.
Claim. Every edge uv of G is in exactly four elements of Z .
Proof. Let uv be an edge of G . Note that uv splits P into sets of points P1 and P2 in convex position such that P1 ∩ P2 =
{u, v}. Let G1 be the convex geometric graph induced by P1 and G2 the convex geometric graph induced by P2. In P1
and in P2, u and v are consecutive. Assume without loss of generality that in P1, v follows u in clockwise direction. Let
Z1G1 (u) = u, v,u1, . . . ,uk and Z1G2 (v) = v,u, v1, . . . , vk′ . It is easy to see that Z1 = uk,uk−1, . . . ,u1,u, v, v1, . . . vk′ is the path
Z jG(uk) for some j ∈ {1,−1}, and it is also the path Z j
′
G (vk′ ) for some j
′ ∈ {1,−1}. In a similar way, Z−1G1 (v) and Z−1G2 (u)
give us a path Z2 in P such that Z2 = Z sG(w) = Z s
′
G (w
′) for s, s′ ∈ {1,−1}. Finally, suppose that there exists ZrG(w ′′) for
r ∈ {1,−1} such that uv is one of its edges. We can assume w.l.o.g that w ′′ ∈ P1 and u is before v when transversing P
in clockwise direction starting from w ′′ . We have two cases. If v is before u in ZrG(w ′′), then the edges of ZrG(w ′′) are the
edges of Z1G1 (u) together with the edges of Z
1
G2
(v) in P2. Otherwise, the edges of ZrG(w
′′) are the edges of Z−1G2 (u) together
with the edges of Z−1G1 (v). The claim is thus proved. 
We now ﬁnish the proof. Let l(T ) denote the length of a path T , and m be the number of edges of G . Then
∑
T∈Z
l(T ) = 4m > 4⌊(t − 1)n/2⌋.
Suppose that there are no paths in Z of length t . If there are at least two paths of length t − 2, then
∑
T∈Z
l(T ) 2n(t − 1) − 2 = 4(n(t − 1)/2)− 2 4⌊(t − 1)n/2⌋.
So, there exists at most one path of length less than t − 1. If there is such a path, ∑T∈Z l(T ) = (t − 1)2n − 1 which
is impossible because
∑
T∈Z l(T ) = 4m, an even number. Finally, if every path of Z has length t − 1, 4m =
∑
T∈Z l(T ) =
(t − 1)2n. That means (t − 1)n is even and (t − 1)n/2 = (t − 1)n/2 so
2n(t − 1) =
∑
T∈Z
l(T ) > 4
⌊
(t − 1)n/2⌋= 2(t − 1)n,
which is a contradiction. Therefore, there exists T ∈ Z with length at least t .
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